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Series Solution of the Problem of Two Fixed Centers
R. K. CHOUDKHARI

LET the x axis be directed along the line joining the two
centers. The origin of coordinates is placed at the mid-

point between the centers. The unit of distance is taken
as half the distance between the centers and the unit of mass
as the sum of the masses of both centers. Furthermore,
let the mass of the center c2 be ra, and, therefore, that of the
other center is 1 — m. Also, let n be the distance from the
center Ci to a point M and r2 the distance from c2 to the same
point.

Consequently we have

ry> = (x - I)2 + y2 + z*

r2
2 = (x + I)2 + y2 + z2 (1)

The differential equations of motion are given by

X - ~ l J9_X + 1
= - _ ___ - «\_ m)

~~ m) „ 3 ~" ^m „ 3T\ TV

dZ - £.2/1 \ 1_ " ' 1.2 A77, — ~# U ~~ mJ o ^ m • . 3

(2)

Let us introduce auxiliary variables

(i = 1,2)

so that

dpi

(3)

(4)

(5)

(6)

System of equations (6) has two integrals: vis viva
integral

PI = (x- i)2 + y2 + z*
P2 = (x + i)2 + y2 + z2

and the differential equations of motion become

= -k*(l - m)(x - l)(n - k*m(

= — k2(l — m) i/o-i —

d?z/dt* = -kz(l -

dt
d2\2 2/c2(l - m)

(7)

and the integral of areas

3/2: — 2$ = a

There are seven equations (4), (5), (6) in seven unknowns
x,y,z, pi,p2,crijO"2.

Assume that the solution of these equations can be repre-
sented by infinite series

x =

Pi = P2 =

0-2 =

(8)

The vis viva integral (7) will not be used, since it will be
found useful as a check hi computing position as a function
of time.

Define

(n + 2)« = (n + l)(n + 2)

(9)

Substituting expressions (8) in Eqs. (6) we obtain

n+2 = -&2(1 - m)(ac)n -
- m)c« -

(n

(n
(n + 2)<2Vn+2 = -F(l - m)(rc)n - k*m(rd)n

From Eq. (5) it follows that
an = (rr)n - 2an +

(rr)w + 2an +
where en = 1 for n = 0, and en = 0 for n ^ 0? and

(10)

(11)

(12)

Six constants of integration are obtained from the initial
values of x, y, z} x, y, z. Thus at t = 0 we take (a0, «i, ^Q,
ft, ^o, ^i) . From expressions (11) and (12) we have

00 = («o - I)2 + A2 + r0
2

60 = (oo + I)2 + /30
2 + r0

2

Co = = "3/2

-2bQd, = 3W><T3/2

Subsequently we evaluate a2, fa T%. Substituting quan-
tities ai, 61, GI, di we obtain

1.2 <*2 = /c2(l - m)a0~3/2(l - «b) - &2ra&<

1.2 ft = &2(1 - m)fta0-3/2 - A;2mft60~3/2

1.2 r2 = -A;2(l - m)r0a0-3/2 - A;2mr060~3/2

+ ft2 + f!2 - &2m&(T3/2{(a:o2 - 1) +
- m)a0

1/2

The values «3, ft, r3, a3, 63, c3, ^3 are obtained in an analogous
way. Thus the series can be written as

— [(I - m)(aQ - l)o<r3'2 +

m(a0 + l)6o~3/2] + <

y = ft + ft* ~ ~ ft[(l - m)a0-3/2 + m60-3/2]

Translated from Vestnik Moskovskogo Universiteta, Astrono-
miia (Bulletin of Moscow University, Astronomy), no. 4, 83-91
(1962). Translated by Igor Jurkevich.

z = rrf - r0[(l -

+ '
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Pi = («b - I)2 + A2 + r0
2 + 2t{al(GiQ - 1) + Aft +

+ *W + ft2 + n2 - &2m&er3/2{(ao2 - 1) +
2 + r0

2} - &2(1 - m)oo-1/2] + a*t* + . . . p2 =
+ I)2 + A2 + r0

2 + 2Z{ «!(«<> + 1) + Aft +

pression (21) yields
o»| ^ 2(a

1) + A2 + n>2} - &2ra&<r1/2] + W3 + . . . a v=2
<n = a<r3/2 - 3a<r6/2{ai(ab - 1) + Aft + Vi}* - Employing (17) we find

foo-5/W + ft2 + n2 - k*m{(aQ* - 1) + A 2 + i i » or / i i , ^ , * i * i , i M X*•j , ' / I . . > \ n \ -r *f 1 f\t( l ^ r l l 1 l l M l / - / l l ' » » l * ' l l , . , 1

A
0-2 = &<T3/2 - 360-5/2{«l(a0 + 1) 4

/
To use the series solution (8), its c
tained.

Defining

X"

n

Sn = X}

we can write an identity which Steff
n 2s,

3
n-i 4sw_i + n 1
\^ TT TT —— \n ^

*^o " (w + 4,

n-2 2 6Sw + ^

+ ^ ao~7l2[ai(ot<) - 1) + l^l ^ * L « V I « O I -r ^ -r M J M O I -r ' I ' o y j ^ + 2)(2) ^

5iA + ^o}< + ^2 + . . . 2 / i2\ \n
onvergence must be ascer- 3 \ ^n n / (n + 4) (3)

In this expression the last term is ignored for n ^ 3, and
consequently (24) holds for n ^ 3. A sufficient condition
for I an < AHn to hold can be written as

(X > 0) (13) Xn

l ^A(n + 2)<»
(14) where A is a given positive number.

Thus, we have
enson1 grave as a(\a0 + 1) + 0| Al + r|rc| + (a ai\ + j8|ft| + r|ri|) X

i i 1 n + 2 1 , x / 12\
t_i + n + 1 — — + _ (ai + £2 _|_ r2) { 5^ + n _ jo _ — 1 x

^n 4- 4)(3) n^

3 / i >«\ /'o^ "̂  n \^JfJJ(n + 4)(2) 2

— ————— (n ^ 1) (16) It is convenient to express this condition in a form inde-
pendent of n. Let us write

I A 12 ti -4- 2 2 5— 10 — — n - t - ^ ^ ^ o / ^ 0\ /ofi\rt — -•• <5 r» V"1 ^- w l^wrt ^ s ̂  n>7\ n n Z ^ v '
vtT2 " 3 (n + 4)<3) "'

Evidently we have
since , o\ _i_

1 £« 1 M 1 A 1 ~"~ / 0
/ I 1

Wi » — -
V + 2 ^ n -

Furthermore from the identity

\-nn ( n + l
\n - v + 1 v

\n - v + 2

we obtain
n-l
2^ vHvHn—v =

\ 1 V n / (n + 4)(2> ^
f I/ (n + 3)&

For n = 3 and n = 4 it is assumed that n ^ 5. Thus

- „ 4 2) (n + 4)« (13)
 SB ^ St + n k

 (n^k) (27)

In particular

I 1 ) ^ . OW« / i n 5 n . 29 / ^ rN1 I/ (n 1 3)^2^ sn $ sb | 6 - 6 1 20 (n £ 5)
2 \ 1

v _|_ 2/ (n + 4)(2> Substituting this inequality in 6$n + n — 1U — 12/n we have

2n - 1.3 - (12/n) n + 1 ̂  0
_J_ /I ^ _L Q ^ V^O/n + 4 n + 3

From Eq. (25) we have
o \ PC
6 \ (™ -^ 0\ /OAN nf(\/vn _L n -J- /Q|/QA1 4- rlrJ -4- — ^1 rwJ 4-/' "" ,\ /«-> ( 2$n+l"l" ~ ' ' ' 2 I v / f r •£- A) V-^W - v V | v . v U , ^.y , r - i r - u i i • i ' " l ' o\ v ^ l ^ ^ l '

(n + 4)(3) \ 2 n + I/ dA

Assuming n ^ 3 and separating constants of integration, /3|ft| + r|n|) + - (a2 + /32 + r2) ^ — (29)
expression (11) can be written as

which is the condition that an ^ AHn for n ^ 3. Com-
an = 2(aQan + Aft + ^n + a\an-i + ftft-i + paring the two results for (11) we find that a sufficient

n~2 condition for |6n| ^ BHn is the same as that given by (29),
v v \ 1 7 ( f\i fv 1 /Q /3 1 A» /v. N — 2(ln (c)~\ \ iTi^n-i) ~r L-J \oivOLn— v -r Pvpn-v ^ 'v'n-v) {*i.) namely

Note that the sum vanishes for n = 3. a(| ̂  _|_ i) _j_ ^| ̂ 0 _|_ r|ro _j_ .A (^ ttl| _|_
Now it is assumed that for n ^ 3 and 2 ^ v ^ n the fol- 3X

lowing inequalities hold 2 B A
0 ftl + r fi|) + ~ (a:2 + P2 + r*) ^ - ^ — (30)

|a,| ^aHv |ft ^ pHv rv\ ^ rHv (22) . 3 2 2

where a, ft, and r are positive constants. In this case ex- if max (A,B) = A.
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Consider now Eq. (12). Assume that for a given n ^ 2
and 1 ^ v ^ n it has been proved that

\av\ ^ AHV \bv\ <: AHV

and for 0 ^ v ^ n — 1:

\cv\ ^ CHV \dv\ ^ DHv

The first equation (12) yields

( n — \ n-l
3n Z HvHn-v + T

for example

(31)

(32)

2noo|cn| ^ CA

nXn
- - 2 3

2 n + 1
(n + 4)<3>

— 5 —
12

n + 1
(n + 4)<3>

and

2a0 |Cnl ^ CA (14sn+1 + 5n - 5 - -4 -̂r ) 7-\ n + I/ (n

Therefore a sufficient condition for
as

2a0 | CA

+ 4)(3)

n can be written

X

(n + 4)<8> (n + 2)«

for example

^ + 4)<« ^ A

Let us show that this condition can be expressed as

3A ^ a0 (33)

which is independent of n. Therefore, we must prove that

5n - 5 - 6

or

14 7(n + 1)

Using Glover 's tables2 we find that (34) remains valid for
n < 12. For n ^ 12 we shall employ

Substituting this expression in (34) and simplifying, we
have

53 ,
•18 < -T7 +

24
14 7(n + 1)

It is easy to show that the inequality is satisfied identically,
and, consequently, that (33) and (34) are also satisfied.
Analogously, it can be shown that the sufficient condition for

3A (35)

Finally, separating the constants of integration, we shall
write the first equation of (10) (n ^ 2) in the form

(n = -W(l - m)(aQcn

— m)

n (36)

(n |an+2i ^ ^2{ | «0| (1 - m)C + |
- m)C + mD}Hn + k*{(l ~ m)\ a, \C

m\ a, D}Hn-l - m)aC _ E HvHn-v

WmaD £ HvHn-
v — 2

P = f(l - m)C
For brevity, let

then

(n + 2)<2> |

that is

(n + 2)&\an+2\ <: P(|a0| + 1)

h aP

+ V + P\

(n

4)<8> (37)

In order | an+2 \ ^ aHn+2, the right-hand side of (37) must
be ^ (n + 2)&aHn+2. Therefore, multiplying by \~n[(n +

(n + 3)(n + 4)X"1

aP (
(n + l)(n + 2)2\ n~

4n -7

(38)

(34) Obviously, forn ^ 2 we have

(n + I)2 (n +

1
(n + I)2 x 24 (39)

(n+3)(n
n(n + \Y(n 2) 1 + n + 2

(n + A (40)

Finally, it can be seen that
____1_______
(n + 2)2(n + 1)
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and therefore the condition (38) is taken in the form

-
or

1 + a, 1 + + a ^ A (42)

Sufficient conditions for the remaining equations (10) can
be written as

x l n 48r

(43)

(44)

Let us summarize. If expression (22) is satisfied for 2 ^
v ^ 3, expression (31) for 1 $ v ^ 2, and (32) for 0 ^ v $ 2,
and, in addition, inequalities (29), (30), (33), (35), (42-44)
have been satisfied, then all series of system (8) converge if
the series ^Evtv converges, that is, if 1 1 \ ^ 1/X.

A question now arises whether it is always possible to
select \,a,$,r, A,B,C,D for the initial conditions a0,ai,/30,
jSi,r0,ri, sucn that all the inequalities discussed previously will
be satisfied. This question can be answered in the affirma-
tive. The quantity A can always be chosen so large that
expressions (42-44) hold. Expressions (29) and (30) can be
written as

+1) r0 ~ (45)

Expressions (33) and (35) do not change. Thus it is possible
to select A sufficiently small in order to satisfy (33) and (35).
Following this, a,/3, and r can be chosen sufficiently small to
satisfy (45). Let

mi = 1 — 1 1
329,390

and the initial conditions

a0 = 0.4 ft = 0
«i = 0.015 ft = -0.01

329,390

r0 = 0
ri = -0.01

In this example the unit of distance is taken as the distance
between the centers, so that in (42) we obtain | o;0 + \
rather than |a0| +1. The remaining conditions are not
changed.

It can be seen that all sufficient conditions are satisfied if
we choose

X = ¥L- a = 0.001 /3 = 0.002
r = 0.003 A = 0.01
C = 0.018 D = 0.15

The series (8) converge at least for \t\ $ 25, /c2 = 0.0003.
The unit of time is one day.

—Submitted September 11, 1962
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Reviewer's Comment

Considerable effort has been expended in the hope that the
two-fixed-center solution might lead to an understanding of
the restricted three-body problem. The references listed
here represent only a partial compilation of this effort.

The complete closed form solution of the two-fixed-center
problem is contained in Ref. 5.

The Russian effort contained in this article represents a
power series solution and, consequently, is not as complete.
Moreover, the application of the two-fixed-center solution to
lunar trajectories has proved rather disappointing. In par-
ticular, the trajectories describing the motion beyond the
point of lunar passage is quite unrealistic. In addition, the
solution of the restricted three-body problem in the vicinity
of the two singularities (near the earth and near the moon)
is represented by the Kepler conic section, with greater ac-
curacy than is obtainable through the two-fixed-center
approximation. An evaluation of this comparison is con-
tained in Ref. 7.

—SAMUEL PINES
Analytical Mechanics Associates, Inc.
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