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Series Solution of the Problem of Two Fixed Centers

R. K. CHOUDKHARI

ET the z axis be directed along the line joining the two
centers. The origin of coordinates is placed at the mid-
point between the centers. The unit of distance is taken
as half the distance between the centers and the unit of mass
as the sum of the masses of both centers. Furthermore,
let the mass of the center ¢, be m, and, therefore, that of the
other center is 1 — m. Also, let r; be the distance from the
center ¢; to a point M and r, the distance from ¢, to the same
point.
Consequently we have

nt= @ -y

¢y
=@+ 1)+ Y+ 2
The differential equations of motion are given by
dx z—1 r+1
o k(1 — m) e k*m e
PY gy — oy L ¥
e B2 — m) 7 k*m s (2)
d% z z
N X V2 I L L2y, S
g E(1 — m) v k*m i
Let us introduce auxiliary variables
pi = 13° o =178 (=12 (3)
s0 that
dUi dPi _
2p; E{ + 30 ai 0 4)
o= (z— 1)? 4+ y* + 2* )
=@ty e
and the differential equations of motion become
d2x/dir = —k(1 — m)(z — Loy — kB*m(l + z)oy
dzy/di2 = —k*(1 — m)yoy — k*myoy (6)

If

d?z/dt?

System of equations (6) has two integrals: vis viva
integral

do\? | (dy\* | (d2\* _ 2k(L —m) _ 2k'm
<%>"+(w) +<w> =Tt T O

and the integral of areas

—k(1 — m)zo, — k*mzos

Yz — 2y =a

There are seven equations (4), (5), (6) in seven unknowns

T,Y,%, p1,P2,01,0.
Assume that the solution of these equations can be repre-
sented by infinite series

T =y al oy =2 B 2=
=0 »=0 vy=0
=2l =) b ®
»=0 »=0
o = Z et oy = Z d,t
y=0 »=0

Translated from Vestnik Moskovskogo Universiteta, Astrono-
* miia (Bulletin of Moscow University, Astronomy), no. 4, 83-91
(1962). Translated by Igor Jurkevich.

The vis viva integral (7) will not be used, since it will be
found useful as a check in computing position as a function
of time.

Define
(+ 2@ = (n+ D(n + 2)

(ac), = Zn,; Qyln_y 9)

Substituting expressions (8) in Egs. (6) we obtain

n 4+ 2)Pauyy = —k2(1 — m)(ac), — k*mlad)n +
k(1 — m)e, — k*md,

(4 2)®Buiy = —k*(L — m)(Be)n — k*m(Bd). (10)
n+ 2)Pr,py = —k2(1 — m)(re)n — k2m(rd),

From Eq. (5) it follows that
an = (aa)n + (BB)a + (7)n — 204 + €

11
be = () + (BB)e+ (Mot 20, + & D
where en = 1 forn = 0,and en = 0 forn # 0, and
n—1
— 20y, = D, (30 ~ ¥)Csln s
r=0
(12)

n—1
—2nbod. = Y (3n — »)dbo-,
V:0

Six constants of integration are obtained from the initial
values of z, y, 2, &, ¥, 2. Thus at t = 0 we take (o, v, Bo,
81, 7o, 71). From expressions (11) and (12) we have

ay = (g — 1) 4 Bo® + r?
by = (o + 1) + Bo* + ro?
0 = a2 d = by—%2
oy = 2(aoor + BoBy + rery) — 20
b = 2(awoy + Boby + ror) — 204
—2a0c; = 3aa0~3/2
—2body = 3bibe2

Subsequently we evaluate as, B:, rs. Substituting quan-
tities @y, b, ¢1, d; we obtain

1.2 ay = E2(1 — m)ap~32(1 — ao) — k*mby~3/2(1 + a)
1.2 8y = k*(1 — m)Boao™** — k*mfoby3/2
1.2 T —k2(1 - m)roao'3/2 —_ k*mrobo“?’/?

@ = i + B2 1t — kemby 2 (a0t — 1) +
Be® + 7'02} — k(1 — m)ap"'?

. The values as, 8s, 73, as, bs, ¢s, ds are obtained in an analogous

way. Thus the series can be written as

k2t2
T =0+ ot — o (1 — m)(on — a2 +

m(Olo -+ 1>bo_3/2] + agtd + ...

k2
y=P8+ Bd— o1 Bol(1 — m)ao™#/2 + mbe~?2] 4
Bstd 4+ ..
k%2
2 =71+ nt — —2'— 7'0[(1 - m)aa_m + mbo_m] —+-
. ‘ 7'3t3 + L.
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o= (o — D24 B + r2 + Zt{al(ao — 1) 4+ B +
ran} + 2len? 4 Bi® + i — kPmbe~3%{(en? - 1) +
Bo? 4+ 102} — B2(L — m)ag%] + ast® + . .. g2 =
(a0 + 1)2 + Be? + 1o? + 2t{on(ae + 1) + Bof: +
ror} + o + Bi + 2 — Bl — m)ao 32 (e? —
1) 4 Bo? + ro?} — k¥mboV2] + bat? 4 . ..

o1 = a"¥ — 3ay " an(ow — 1) + Boff + runjt —
£a0752[on? + B2 + 1 — BPm{(a? — 1) + Bo* +
702} b2 — B2l — m)ap V212 4 £ ay 2 {en(ee — 1) +
BoBr + ror 2% et 4L

Tg = ba_q”2 - 3bo—5/2{a1(a0 + 1) +
6160 + Tﬂ'o}t + d2t2 + ..

To use the series solution (8), its convergence must be ascer-
tained.

Defining
H=—2_  as0 (13)
T+ 2@
"
Sa= D, - 14)
rv=1 14

we can write an identity which Steffenson! gave as

i _ n 281:—} + n + 1
vgoH,,Hn_, = e (15)
3 3
n—1 4sps+-n—1—
2 (n+1)
Han—V = >\n 2 1 16
= (n + DO D U0
n—2 9 63n—|—n—10—1772
HH, ,= -\ > 4 17
Py M T aroe 29 @D

since

- (.1 1 1
A= () G

1 1 1
<v+2+n—v—{- 2> (n 4+ 4@ (18)
Furthermore from the identity

n+1 1) 1 _
n—y+1 v+ 1) (n+ 3)®@

n+ 2 2 !
(n—v+2—v+2> mrae 19

k—"”Han—v = <

we obtain

n—1

Z vHan—r =

pas]
nA® 3
n+ 9 nt 1

Assuming n > 3 and separating constants of integration,
expression (11) can be written as

An = 2(01001n + 60,6n + To'n + O10p—1 + /Blﬁn—l +
—2

7'17'n~—1) + Z (auan—u + 8.6n—» + T,,Tn_,,>~20" (21)

=2

<2sn+1+ g ~2— ) (n>2) (20)

Note that the sum vanishes for n = 3.
Now it is assumed that forn > 3 and 2 < v £ n the fol-
lowing inequalities hold

lew| < aH, |B| < BH, |r) <rH, (22

where «, 8, and r are positive constants. In this case ex-
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pression (21) yields

an| < 2(a|as] + BIBs| + 7|me|)Ha +
2(e| il + BlBi] + rin|)Hor + 2aH, +
n—2

(a3 + B2+ 12 gz HHn,—, (23)
Employing (17) we find
}\n
la.] < 2[a(|al + 1) + B]6] + rmnm +

An—1
)

trin) e

Ty

2(alea] + |8

2 12 AP
3 (o2 B2 1) (68n+ﬂ— 10 — —,;)m @4

In this expression the last term is ignored for n < 3, and
consequently (24) holds for n > 3. A sufficient condition
for |@.| < AH., to hold can be written as

An
< R
<4 n+ 2)®

where A is a given positive number.
Thus, we have

ol + 1) + BIBs] + rln| + (@] 4 B8] + 7lr]) %
n+2+é(a2+62+72) (63n+n—10— %) X

nA y
n+ 1 <é
(n+4H® = 2

(25)

It is convenient to express this condition in a form inde-
pendent of n. Let us write

n+2

2 5
" ——1+;LS§ (n 2 3) (26)
Evidently we have
12 n 41
<6sn+n—10—n> m§2

Forn = 3and n = 4 it is assumed that » > 5. Thus
n—k
k41

s S &t (n 2 k) 27)

In particular

n—>5

6

) n 29
Sn < 85+ =—6+—26 (n > 5)

Substituting this inequality in 6S, + n — 10 — 12/n we have

2n — 13 — (12/n)n + 1
n -+ 4 n+ 3

From Eq. (25) we have

<2 (28)

5
a|a| + 1) + BlBo| + 7ne] + ax (afes +
2 A
818 + rin|) + 3 (24 B2+ 1Y) < 9 (29)
which is the condition that |a.| < AH. forn > 3. Com-
paring the two results for (11) we find that a sufficient
condition for |b,| < BH, is the same as that given by (29),
namely

a(laol + 1) + )8i50| + 7‘]7‘0| + 3% (a[al; -+

<

~

A
5 (30)

ol

B8] + rlr) +§ (o 4+ B+ 1) <

if max (4,B) = A.
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Consider now Eq. (12). Assume that for a given n > 2
and 1 <€ » < nit has been proved that

le.| < AH, {b,| < AH, (31)
andfor0 <» < n~— 1:
[c,,] < CH, |d,| < DH} (32)

The first equation (12) yields

n—1 n—1
2naca| < CA (3n > HH,_,+ ZVHVH,L_V)
»=0 y=1

for example

4sn+1+?§”n"‘ 1 - 'n,_——?——_i
< "
2naglea| < CA | 3nh n L 4H® +
n 3
n)\n2sn+1+§_2_n+1 -
(n+ 4H® -
148,41 + b0 — 5 — 1—2-
CA | nA» ntl
"+ H®
and
12 A
2a0lcnl £ C4 (14Sn+1 + 6n — 5 — I 1> (n + 9®

Therefore a sufficient condition for [c.] < CH. can be written

as
12
20,0 [C”,! $ CA( 14Sn+1 + m — 5 — "‘—‘) X
+1
)\ An
nt e e

for example

<14s,.+1+5n—5— 12 > ntl 20

n41/(n+4)> = 4

Let us show that this condition can be expressed as

34 < @ (33)
which is independent of n. Therefore, we must prove that
<14sn+1+5n—5—7%)ﬁ5 <6
or
24
Snt1 $ + + T Tt D (34)

Using Glover’s tables? we find that (34) remains valid for
n < 12. Forn > 12 we shall employ

Sot1 € s+ [(n — 12)/14]

Substituting this expression in (34) and simplifying, we
have

24

S13 < 7(n T

It is easy to show that the inequality is satisfied identically,
and, consequently, that (33) and (34) are also satisfied.
Analogously, it can be shown that the sufficient condition for
ld.| < DH,is

34 < b (35)
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Finally, separating the constants of integration, we shall
write the first equation of (10) (n > 2) in the form

(n + 2)(2)an+2 = _k2(1 - m)(aocn + alcn—l) -
mlendn, + ayday) — E20 — m) D aen-, —

=2

n
kBm Y oudy_, + B0 — m)e. —

yv=2

| kmd,  (36)
(n + 2@ o] < B[] 1 — m)C + | |mD +
(1 — m)C + mD}H, + k{(1 — m)| & |C +

Hn*l + k2(1 - m)aoz HVH",“‘V +

r=2

m| ey |D}

kmaD Y HH,

y=2
For brevity, let
P = £1 — m)C + mDEk?
then

(n+ 2 |ane | < P(lao| + DHa + Pl oy |Hoy +

aP igHyHn_p
that is
( + 2@ e | < Plean| +1) + 2)(2) + Pl
(n%—:)m + aP <4sn_1+4"T*7+.1721>+
An
mroe 6D

In order | atnsa | < oHois, the right-hand side of (37) must
be < (n + 2)®@aH ,+,. Therefore, multiplying by A~=[(n +
4)®/(n 4 2)®] we have

m+3)n+4

Plleal + 1)  yem 1o T
ORI S
(n+2)(n+ )
aP dn =7 2 ,
O e e e
(38)
Obviously, forn > 2 we have
n+3n+4 _ 2 1
<n+nun+22”( w+9<1+n+2>+
1 5
o Sar €9
n+3dr+4H
nm+1ﬂm+%_<kk >O+ >+
1 5
e 12 40

Finally, it can be seen that

1 m -7 2 5
wrmarn et B ) <k @
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and therefore the condition (38) is taken in the form
Plasl+1) 2+ Plas| 2At + a P 2 < e
24 12 48

or
48«
5P

Sufficient conditions for the remaining equations (10) can
be written as

1+!ao[+;£\[a1|+a$ A2 (42)

Bl +3 18+ 8 < 0w (43)
\rol+§\|711+r<%>\2 (44)

Let us summarize. If expression (22) is satisfied for 2 <
v < 3, expression (31) for1 < v < 2,and (32) for 0 < » < 2,
and, in addition, inequalities (29), (30), (33), (35), (42-44)
have been satisfied, then all series of system (8) converge if
the series TH,# converges, that is, if [t| < 1/\

A question now arises whether it is always possible to
select A\,a,8,r, A,B,C,D for the initial conditions ao,a,8,
B1,7e.11, such that all the inequalities discussed previously will
be satisfied. This question can be answered in the affirma-
tive. The quantity M can always be chosen so large that
expressions (42-44) hold. Expressions (29) and (30) can be
written as

allao] + 1)+ B8] +rlrl + 2 (0t + 5419 < 5 49
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Expressions (33) and (35) do not change. Thus it is possible
to select A sufficiently small in order to satisfy (33) and (35).
Following this, «,3, and r can be chosen sufficiently small to
satisfy (45). Let

1 1
T 320300 ™7 329390

m1=1

and the initial conditions

Gy = 0.4 ﬁo 0 To = 0
o = 0.015 B = —0.01 rn = —0.01

In this example the unit of distance is taken as the distance
between the centers, so that in (42) we obtain {os| + %
rather than || + 1. The remaining conditions are not
changed.

It can be seen that all suflicient conditions are satisfied if
we choose

I

M=ok  a=0001 B = 0002
r = 0.003 A =001
¢ = 0.018 D =015

The series (8) converge at least for |¢| < 25, k2 = 0.0003.
The unit of time is one day.

—Submitted September 11, 1962

References

! Steffenson, Mat. Phys. Medd. Dans. Vidiu Seci., no. 31,
3 (1957).
2 Glover, T. W., Ann Arbor, Mich., p. 456 (1923).

Reviewer’s Comment

Considerable effort has been expended in the hope that the
two-fixed-center solution might lead to an understanding of
the restricted three-body problem. The references listed
here represent only a partial compilation of this effort.

The complete closed form solution of the two-fixed-center
problem is contained in Ref. 5.

The Russian effort contained in this article represents a
power series solution and, consequently, is not as complete.
Moreover, the application of the two-fixed-center solution to
lunar trajectories has proved rather disappointing. In par-
ticular, the trajectories describing the motion beyond the
point of lunar passage is quite unrealistic. In addition, the
solution of the restricted three-body problem in the vicinity
of the two singularities (near the earth and near the moon)
is represented by the Kepler conic section, with greater ac-
curacy than is obtainable through the two-fixed-center
approximation. An evaluation of this comparison is con-
tained in Ref. 7.

—SAMUEL PINES
Analytical Mechanies Associates, Inec.

1 Charlier, C. L., Die Mechanik des Himmels (Walter de
Gruyter and Company, Berlin, 1927), Vol. I, Chap. 3 and Vol. II,
Chap. 11.

2 Bechheim, R. W., “Motion of a small body in Earth-Moon
space,”’ Project Rand Research Memo. 1726, ASTIA AD 123557
(1956), pp. 39-46.

3 Whittaker, E. T., Analytical Dynamics (Dover Publications,
New York, 1944), pp. 97-99.

¢ Wintuoer, A., Analytical Foundations of Celestial Mechanics
(Princeton University Press, Princeton, 1947), pp. 145-147.

5 Pines, S. and Payne, M., ‘“Application of the two fixed center
problem to lunar trajectories,” Rept. RAC 484, Republic Avia-
tion Corp. (1961).

6 Davidson, M. C. and Schulz-Arenstorff, R., “Reduction of
the restricted problem of three bodies to a perturbation of
Euler’s problem of two fixed centers,”” NASA Rept. MTP-
AERO-61-62 (1961).

7 Pines, 8., Payne, M., and Morrison, J., “Critical comparison
of the matched conic and the two fixed center problem as model
lunar trajectories,” Rept. RAC 484-2, Republic Aviation Corp.
(April 1962).



